3 TYPES OF PARTIAL DIFFERENTIAL EQUATIONS

3 Types of partial differential equations

Basic classifications of PDEs

Order of the PDE. The order of a PDE is the order of the highast
partial derivative in the equation.

Humber of variables. PDEs may ba classified by the number of their
indapandant variables, that is, the numbsar of variables tha
unknown function depends on.

Linearity. PDE is lingar if the depandent variable and all its
derivatives appaar in a linear fashion.

Kinds of coefficients. PDE can be with constant or variable
coafficients (if at loast one of the coefficients is a function of
(some of) indepandent variables).

Homogeneity. PDE is homogeneous if tha free 2rm (tha right-hand
side tarm) is Zaro.

Kind of PDE. All linsar sscond-ordar PDEs are either:

@ hyperbolic (8.9., ug — e = FlEx,u,0m, 0l
a parabolic (8.9, uw = fifx,u,u,u)),
a ollipfic (2.0, trr +wyy = ix,y,u, 1z, uy)).

Some PDEs and systems of PDEs can be classified as either elliptic, parabolic or hyperbolic. For example, all linear
second-order PDEs fall into one of these types. The type of PDE determines certain properties of its solution and imposes
restrictions on boundary conditions and discretization methods which can be used to solve it numerically.

3.1 Properties of different types of PDEs and their solutions

m Elliptic
B Boundary-value problems. Boundary conditions must be prescribed at all boundaries.
B Local change of the solution instantly influences the solution everywhere else.
B No propagation of waves, no propagation of discontinuities (like shock waves).
[

The solution tends to be smooth (except, possibly, at the boundaries). Discontinuities of the solution are associ-
ated with singularities.

B Hyperbolic

B Waves (or discontinuities like shock waves) can propagate in different directions.

B Waves can reflect.

B Local boundary values affect the solution only inside a certain region of influence, bounded by “characteristics”.
B Parabolic

B Parabolic can be viewed as an intermediate type.

B Waves can propagate only in one specific direction and cannot reflect. The waves propagate in the direction of a
time-like independent variable (information most likely cannot travel backwards in time, at least in the context of
classical mechanics).

B In other directions, information propagates instantly.

B Parabolic equations often describe time-evolution of a solution, which has elliptic properties when frozen in time.
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3 TYPES OF PARTIAL DIFFERENTIAL EQUATIONS

3.2 Examples of different types of PDEs

Types of PDEs

Consider the inviscid compressible flow around a slender airfoil
(1 - Mgo)axxfpl + ayy‘pl =0

Subsonic: M3 < 1 S e Supersonic: Mz > 1

w—————-—— 1. Transonic projectile: M2 ~ 1

Elliptic v o 52 ' Hyperbolic

LWA 322 079 | 55 2024

As an example of different types of PDEs, we consider the equation that describes the leading-order perturbation of a
uniform flow of compressible fluid by a thin profile. The equation is given in the slide above. The x-axis is aligned with the
incoming velocity. The dependent variable ¢, is the potential of the velocity perturbation, defined such that the horizontal
and vertical velocity perturbation components u; and v,, respectively, are the x- and y-derivatives of ¢,:

u, = d¢,/0x, v, = 0¢,/0y. 3.1)

The parameter M,, is the far-field Mach number, which is the ratio of the incoming velocity u,, and the far-field speed of
sound ¢,,. The governing equation for ¢,, given in the slide, is valid only when M, is sufficiently smaller or larger than 1.
It is not applicable to a transonic flow when M,, = 1, see p. 80 of Schneider (1978) for further details.

For M,, < 1, the equation is elliptic. Then, it describes a subsonic flow, which has typical properties of a solution of an
elliptic equation. The streamlines and pressure field of the outer flow are shown on the left side of the slide above. The
streamlines are smooth, and the pressure field is continuous. The profile modifies the flow everywhere around it (in all
directions). The influence of the profile in the flow decays asymptotically with increasing distance.

For M,, > 1, the equation is hyperbolic and describes a supersonic flow. The solution for the supersonic flow is shown on
the right side of the slide. Notice that the profile affects the flow only inside a certain region of influence. Namely, a shock
wave is initiated at the leading edge. The shock wave spreads from the profile at certain angle, depending on M,,, with
respect to the direction of the incoming flow. Upstream of the shock wave, the flow is not affected by the presence of the
profile. At the shock wave front, the pressure is discontinuous, as well as the direction of the streamlines. There is also a
second shock wave originating at the trailing edge. The waves could also reflect from other objects.

For M,, = 1, the equation would be parabolic. Although it is not valid for a real transonic flow, we may still study its prop-
erties. Note that the first term drops out, such that the equation describes a solution where ¢, varies linearly in y-direction
and v is constant in y-direction. It can be shown (we will see how) that any wave fronts described by the equation for M, =
1 are vertical. Although the equation is not valid for the flow considered here, the wave fronts perpendicular to the incoming
flow can be observed in experiments at transonic conditions, as seen in the middle picture of the slide above. The photo-
graph is taken from Van Dyke (1982).
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Classic linear PDEs

Hyperbolic PDEs:

@ Vibrating string (10D wave equation); ug —c ug=0

a Wave equation with damping (f A £0) we - Viu+hur =0

@ Transmission [ine equation: us—c*Viu+hug+ku=0
Parabolic PDEs:

o Diffusion-comvaction equation:  wy- au, +hu, =0

o Diffusion with latoral heat-concantration loss:

- a2 +ku =0

Elliptic PDEs:

@ Laplace’s equation: ¥iu=0

o Poisson's equafion: V¥u=4k

@ Helmholtz's equation: ¥3w+A%u=0

@ Shrodingar’s equation: Viu+ki(E-Viu=0
Higher-order PDEs:

@ Airy's equation (third order): o+ =0

@ Barnouli's beam egquation (fourth order). o uy +ige =0

o Kirchhoff's plate oquafion (fourth order): a?uy+Viu=0

{Here: v2 is the Laplace operator, V4 =v2v2 is the biharmonic operator.)

This slide provides some further examples of PDEs of each type.

3.3 How to determine the type of a second-order linear PDE

Types of second-order linear PDEs Types of second-order linear PDEs

A sacond-order linear PDE in two variables can be in ganaral

writien in the following form Atz + Bugy +Cityy + Dug + Ety + Fu =@ J
Autp + Bugy + Cityy + Dur + Euy + Fu= G I The second-arder linear PDE is sithar
hyperbolic: if B2 -44AC> 0 (80, uy -y =0, ug=0),

whera 4, B, C, D, E, and F ara coafficients, and G is a bolic: if B — 44C=0 =0
non-homogeneous {or right-hand side) term. Al thesa quantitios are parm oo | (8. ;- 4z =0,
constants or functions of x and y. elliptic: if B* - 44C< 0 (9., tgz + 1y, =0).
The mathematical sclufions to these thres types of equations am
quite difierant.
The three major classifications of linear PDEs essentially classify
physical problems into thrme basic lypaes:
@ vibrafing systems and wave propagation (hyperbolic casa),
o heat flow and diffusion processes (parabolic case),

» steady-state phonomena (elliptic casa).

The type of a linear second-order PDE with two independent variables (x and y in the slides above) is determined by the
coefficients A, B, C, multiplying the highest (second) derivatives of the solution, where B multiplies the cross-derivative.
The criterion for determining the type from these coefficients is provided in the right slide.

In the case of more than two independent variables, x;, the second-order PDE can be written in general form as follows:

0%u ou (3.2)

ai’jm+bia—xi+Cu=f.

The PDE is:

®  Elliptic if the coefficient matrix a; ; is either positive or negative definite, that is, all its eigenvalues are nonzero and
have the same sign;

B Hyperbolic if all eigenvalues of a; ; are non-zero, and all but one have the same sign;

B Parabolic if the matrix a; ; is semi-definite, that is, when exactly one eigenvalue is zero while all others have the same
sign, and, furthermore, rank(a; ;| b;) equals the number of independent variables.
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3.4 How to determine the type of a system of first-order linear PDEs

The system of n first-order linear PDEs with two independent variables can be written in general form as follows:

ou; ou; (3.3)
Ai'ja_x] + Bi'ja_y] + Ci'ju]' = fL
The type of the system depends on the number of solutions of the following equation:
det(A"dy — BTdx) = 0 (3.4)

for either dy/dx or dx/dy. The system is:

B elliptic if there are no real solutions,

B hyperbolic if there are n real solutions,

B parabolic if there are between 1 and n — 1 real solutions and no complex solutions.

If there are both real and complex solutions, then the type of the system remains undetermined.
The procedure is similar when there are more than two independent variables. In that case, there are simply more coeffi-
cient matrices, and the system can be written analogously as

au]'
Y 9x,

au]'

A i’ja_xz

+B +C =2+ =f (3.5)
3

The type of the system is then determined by the number of solutions of the equation
det(A™A; + B™A, + C"A; + ) =0 (3.6)

for, e.g., 4; = g(1,, 43, ...). The criterion is the same as for two independent variables.

3.5 Characteristics

A characteristic of a (system of) PDE(s) with two independent variables is a certain set of curves in the space of the
independent variables. For example, the simplest form of a characteristic in two-dimensional Cartesian coordinates (x, y)
is

d
y(x) = +£x, (3.7)

where y, parametrizes the curves and dy/dx is their slope. The set of curves is a characteristic if the variation of the
solution along the curves can be described by ODE(s) instead of PDE(s). The variation of the solution of the PDE(s), say
u(x,y), along a curve y(x) can be written as u(x,y(x)). When y(x) is a characteristic, then all partial derivatives in the
PDE(s) can be replaced with (a linear combination of) total derivatives along y(x). For example, the first total derivative of
u(x,y(x)) can be written as

du OJu + dy ou 38
dx ~ 0x dxay’ (3.8)
where dy/dx is the slope of the characteristic. In the following subsections we will learn in more detail how to find the
characteristics.

Physically, characteristics bound the region of influence and/or the region of dependence of the solution in a certain point
(or region). For example, suppose that a PDE has two characteristics y; , of the form (3.7) with constant (but different)
slopes dy,/dx > 1 and dy,/dx < 1. Then, Eq. (3.7) describes sets of parallel lines, as shown in Figure 2(a). The solution
at some arbitrary point P, marked in Figure 2(b), depends only on the solution in the green region. Also, the point P
influences only the solution in the red region. Note that both the red and the green regions are bounded by the characteristic
curves passing through the point P. Thus, characteristics describe the directions in which information is distributed, and
they also determine the shape and orientation of wave fronts in the solution.
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S
3

X X

Figure 2: (a) Sketch of two different characteristics with constant slopes. (b) Region of dependence (green) and region of
influence (red) of a point P for an equation with characteristics y, and y,.

The number of characteristics depends on the type of the (system of) PDE(s). If the type is elliptic, no real characteristics
exist. If the type is hyperbolic, the number of real characteristics matches the order of the (system of) PDE(s). If real
characteristics exist but their number is lower than the order of the equation or system, then the type is parabolic.

3.6 Finding characteristics of a first-order PDE
Consider a linear first-order PDE with two independent variables
a—+b—=f. (3.9)

The aim is to replace the partial derivatives in the PDE with a total derivative, e.g., as defined in Eq. (3.8). Thus, we divide
Eq. (3.9) by the first coefficient a to obtain

ou bou f

a+aa—a. (3.10)

It is evident that the left-hand side of Eq. (3.10) can be replaced by the total derivative defined in Eq. (3.8) only if

dy b

= 3.11
dx a’ ( )

Integrating Eq. (3.11) we obtain the characteristic

b
y() =yo +_x. (3.12)
Replacing the left-hand side of Eq. (3.10) with the total derivative, we obtain the ODE

du f
dx a

(3.13)

which describes the variation of the solution u along the lines described by Eq. (3.12). Integrating Eq. (3.13) we obtain the
analytical solution

u(x,y(x)) =uy,+ gx, (3.14)

where the integration constant u,, is determined by initial conditions.
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3.7 Finding characteristics of a second-order PDE

Let us now consider a linear second-order PDE with two independent variables. As introduced already in section 3.3, the
equation can be written in general form as
o%u 0%*u 0%u ou

A +B +C +D +Eau+F =G (3.15)
ax2 "~ d0xdy  dy? ax TPy TiUT '

First, we introduce auxiliary variables

du ou
_Ju =, 3.16
d ox’ Q dy (3.16)

The total differentials of P and Q are defined as
0%u 0%u 0%u 0%u

P=—— — = ——dy.
d dx + ydy, dQ E)x(’)ydx + dy? dy

The task is to replace all partial derivatives in Eq. (3.15) with P, Q, and a linear combination of total derivatives dP/dx and
dQ/dy. The only possibility to reproduce the first and the third term in Eq. (3.15) is to combine the total derivatives as

follows:
dp dQ 0%u dy  dx\ 9%u 9%u
— — =A-— —+C— —. 3.17
Adx+cdy A6x2+(Adx+Cdy)8x6y+C6y2 ( )
The first three terms in Eq. (3.15) can be replaced with the right-hand side of Eq. (3.17) only if
A g 3.18
dx  Tdy (318)

Thus, Eq. (3.18) is the defining equation for the slopes of the characteristics, dy/dx. As in the previous subsection, the
characteristics themselves are obtained by integration of dy/dx. Provided that none of the solutions for dy/dx is neither
zero nor infinity, we can re-arrange (3.18) to a quadratic equation

dy\?  d
A(—y> ~B2+c=0. (3.19)
dx dx

Thus, we obtain the criterion introduced already in section 3.3:
B If B2 — 4AC < 0, then no real solutions for dy/dx exist. Thus, there are no real characteristics and the PDE is elliptic.
B If B2 — 4AC > 0, the second-order PDE has two characteristics, and thus, it is hyperbolic.

B If B2 — 4AC = 0, the second-order PDE has one characteristic, and thus its type is parabolic.

3.8 Characteristics of a system of linear first-order PDEs

This subsection illustrates how to find characteristics of a system of linear first-order PDEs with two independent variables.
The general form of such system was introduced already in subsection 3.4, Eq. (3.3). If characteristics exist, then there
exists a linear combination of the PDEs

auj 0uj
Li Ai,ja—l—Bi.ja*—Ci,juj = Llfl (320)
that can be replaced with a linear combination of total differentials
u Ju;

m; du; = m (a—xjdx+@dy>. (3.21)

Matching the coefficients of partial derivatives on the left-hand side of Eq. (3.20) with those on the right-hand side of Eq.
(3.21), we obtain the defining equations for the characteristics as
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=y (3.22)
Li Bi,j = m] dy

We can eliminate the right-hand sides by subtracting the second set of equations in (3.22) multiplied by dx from the first
set of equations multiplied by dy to obtain the system

(ATdy —BTdx) L=0. (3.23)
The solvability condition leads to Eq. (3.4):
det(A"dy — BTdx) =0,

that can be solved for either dy/dx or dx/dy. The characteristics are then obtained by integration of the slopes as y(x) or
x(y), respectively.

In the case of three independent variables, characteristics are sets of surfaces. For a system of first-order linear PDEs with
three independent variables, the characteristics are defined by Eq. (3.6), where 1,,1,, 15, etc. are the components of the
normal vector to the characteristic surface.

Note that every linear higher-order PDE can be transformed into a system of first-order PDEs, see, e.g., pp. 2-3 of Schnei-
der (1978) or pp. 27-28 of Chattot (2002). The type and characteristics of the first-order system can then be determined
using Egs. (3.4) or (3.6). However, the first-order system is not always equivalent to the original higher-order PDE, since
the transformation can introduce spurious solutions, see pp. 57-60 of Wesseling (2001). In other words, all solutions of the
original equation also solve the transformed first-order system but not vice versa. The spurious solutions can then alter the
type of the system.

3.9 Exercises

a) Consider the equation from Section 3.2:

0%y 0%y

— 3.24
oz Tz =0 (3.24)
that describes the perturbation of a horizontal compressible flow by the presence of a thin profile at zero lift. Show that
the equation is elliptic for M,, < 1 and hyperbolic for M, > 1. In the latter case, find the characteristics. What is the

physical meaning of the characteristics?

(1-MZ)

b) The velocity potential ¢, governed by Eq. (3.24), is defined according to Eq. (3.1) such that u; = d¢,/0x and v; =
d¢,/0y. Transform the Eq. (3.24) into an equivalent system of two first-order PDEs for u; and v, as unknowns. Test
whether the type of the equivalent first-order system matches the type of the original PDE.
Note: One of the equations of the equivalent first-order system is a fundamental equation of the potential flow theory.

c) Determine the type of the time-dependent diffusion equation
aT 0%T 9°T
Next, transform the equation into an equivalent system of first-order PDEs by introducing auxiliary unknowns p = 9T /dx
and q = dT/dy. Find the characteristics if they exist.
d) Convert the Korteweg-de Vries equation
ou ou 0%u
ot Mox o T
into an equivalent system of first-order equations. Determine the type of the system and find the characteristics if they
exist.

0 (3.26)

e) The one-dimensional propagation of plane acoustic waves in a fluid with density p,, and speed of sound c,, flowing
with a velocity u,, (relative to the source of the acoustic waves) can be modelled with the following linearized system
of equations
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9p, 9p, duy
ot THogx TPy T
ouy ou; c%ap;
—_ + uoo —_— —_—
ot 0x P 0x

Conservation of mass: 0, (3.27a)

Conservation of momentum: 0. (3.27b)

for the density perturbation p, and velocity perturbation u,. Determine the type of the system and find its characteristics if
they exist. Interpret your results.

3.10 Literature

More details about the characteristics, the properties of the different types of PDEs, and further examples can be found
in:

B Chapter 4 of Chattot (2002),

B Fletcher (1998),

B Chapter 1.2 of the lecture notes for the LVA 302.017 (Kuhimann, 2021),

B Otto (2011), available as “classification of PDEs.pdf” in Bigarella et al. (2015), part 1 “Computational Fluid Dynamics
— Elementary”, section (e) “Partial differential equations — Classification”;

B Part A of Schneider (1978),

B Chapter 2 of Wesseling (2001).
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