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Governing equations of fluid flow
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M Governing equations of fluid flow

rate of change of mass in net mass outflow through the
a fixed control volume boundaries of the control volume
\ /
: d
m Conservation of mass: EW pdV + #pu .dS =0 integral form
%4 S
dp
5 TV w=0 differential form
D
D—': +pV-u=20
/ \
change of density change of volume Material derivative
. of the fluid parcel
of a fluid parcel D o
E = a +u-V
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Remember the Newton‘s
2nd |Jaw of motion?

m Governing equations of fluid flow

forces acting
: dp on the parcel ma = F
m Conservation of mass: —+V-(pu) =0 P
ot /
. Du
m Conservation of momentum: P = VPtV T+ of.
/ (external) body force
rate of change of absolute - - usually gravity g
: friction
momentum of a fluid parcel %
(internal) surface forces
Common decomposition when f= g and p = const.
hydrostatic Vo, = pg
Dy = p'h + g Material derivative
D Vpe +V D 0
—_— T
relative/gauge P Dt Pe = Dt _ae T W v

322.079 | SS 2024 4



M Governing equations of fluid flow —ar—

D 0

] ap D— = a— +u-V
m Conservation of mass: - +V:(pu) =0 t ot
. Du
m Conservation of momentum: P = VPa+V T+ of
internal heating:
o chemical reactions,
dissipation of work of radiation
momentum body forces electric curent
. D (|ul? | | ~
= Conservation of energy: p—(—-+¢)|=V- (zu = paw) + pf - u + V- (kVT) +q5
;o |
kinetic  internal work of heat
\energy energy } pressure conduction

|
total energy
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m Governing equations of fluid flow —ar—

. 0 ichti D 0
m Conservation of mass: a—i +V-(pu) =0 S%hz""ht'”g & Gersten (2017), D=ty
(continuity equation)
. Du
s Conservation of momentum: pop = "VPa+V-T+pf S &G, p.68
. D [|ul?
= Conservation of energy: p—(—-+¢|=V- (zu = paw) + pf - u + V- (kVT) +qy S &G, p71

m Constitutive equations:

Thermodynamic relationships
Material equations For ideal gas:

for Newtonian fluids: p = pRT

2
§=,u(Vu+VuT—§]1(V-u)> de = ¢, dT
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m Energy equation
Total energy

2 %4_8 —V.(Tu— u)+ f‘ll'l‘V‘(kVT)
PDe\ 2 gt T P

Momentum
Du
P ="VPatVeztpf |-u

Mechanical energy

pD[ul® _
Internal energy 2 Dt W Vpatu: (V ' g) tpof-u
De

pE=I:Vu—pAV-u+V-(kVT)

Mass conservation, Entropy
De psDp Voo _1DP Dh _1Dps _ .Ds
Ds Dh Dpy Enthalpy
TS =P~ Do =7:Vu+ V- (kVT) R D_hz%_l_leA_pADp
p’ Dt Dt p Dt p2Dt
Temperature form For ideal gas:
DT Dp,

PCp D _'BTD_t =T Vu+ V- (kVT)

Dh 1-RBTD DT

hzh(pA’T):th 'B Dp:-l_CpD_t
P -
oh/op oh/dT
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Dimensionless variables
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m Dimensionless variables

m Refer variables to some representative values for the given problem
X u t p p H

X =-, Uu=—, t=—, p=—, p=—, pg=—,.. ~0@1) If t* of a time-dependent
L v t Po Po Ho flow is not known a priori:
m Substitute into the governing equations N,
dp 0000 poU~ L Convective Viscous
5 TV (w)=0 " gtV =0 X ool time scale time scale
., L . L?p,
R factors into di ionl =9 b=
B Rearrange preracltors Into dimensioniess groups U i
L ap
—+V-(pu) =0
T
—
Str —
Criterion for steady flows
. . L
m Compare orders of magnitude of different terms Str<l = ">
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m Dimensionless momentum equation

m Refer variables to some representative values for the given problem

X u . t

L u t* Po’ Po’ Ho
m Recall the momentum equation

Du 2
pE= —VpA+V-,u<Vu+VuT—§H(V-u))+pg Task for you
Find the definitions
s The dimensionless form reads of the dimensionless
numbers

ou -1 (2 1
Str p—=+pli-Vii = —Eu Vp+-— V-i|Vii+Va —§]I(V-u) — 3 bey
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m Dimensionless momentum equation

m Refer variables to some representative values for the given problem

X u - t
%:Z, ii:ﬁ' t:F, ﬁ:pﬁo, ﬁ:%, 'a':'ui(), ~0(1)
m Recall the momentum equation
Dy 5 Define
pE=—VpA+V-,u<Vu+VuT—§H(V-u))+pg E=Stri+ﬁ-'ﬁ
D ot

m [ he dimensionless form reads

Y SO 2
+pu - Vil = — Vb + V-[l(Vﬁ+VﬁT—§H(V-ﬁ)>— pe,

ot _ -1 (o 2
Strﬁ¥+ﬁﬁ-Vﬁ=—Eu VD + — V-ﬁ(Vﬁ+VﬁT—§H(V-ﬁ)>——ﬁey
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m Dimensionless momentum equation

m Refer variables to some representative values for the given problem

X . u .t Y % N 4 . M
X =-, uU=—, t=—, p=—, p=—, pg=—,.. ~0Q)
L U t Po Po Ho

= [he dimensionless momentum equation reads

L _ou = Po s Ho s = = 2 o gL
p— + pu- Vil = — Vp V-glVa+va' —-I(V-ud) |—=— p
urr PE TP VRS T VP g v eV g (V1) )~ 7z Pey
m For aerodynamics: p, = poU? = 2x stagnation pressure
D0 g5 o+ L va(Tae v -2 0)) - — 5
pt P Re @ H\YUT YW Z3 VW) TRz PEy
m Compare orders of magnitude for a given problem
kg m Re = 10° > 1
: : = o ~107°—, g ~10— e<
Consider a small glider: Lz 1m in air: Ho " g~10 2 —
U = 10m/s g~ 1—2 Fr? 2 10 » 1
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m Dimensionless energy equation

— —pT——=T1: V. (kVT
PCp Ty S D 7:Vu + (kVT)

X u . T I P 1 U Cp - k
~=—, ~=—’ T:—, t:—, ~=—, D — , ~=—, - = —, k:—’
I “TU [ t* P Po P poU? : Ho » Cp ko

o .y
D U ..Dp U — e B
pe, b PP KU sgwe g, (kwr) Bo
Dt Cp Dt poc,LT* = PoCp _
— — Stagnation temperature
Br/Pe Pe~! U?
/ T =2(T,—T,) = - = 1072
m Compare orders of magnitude .
L2 1m, k . 103 r_o_
. uo~10-5mgs, v~ 105 % Pe 2 10°»1 Sos 107
U =10—, —>
k; ko ~ 10_2 w ﬁ ~ 10_3K_1 10—4 < BOUZ < 10—2
po~1— ° m K’ 0 ’ ST <
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Potential flow
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M Inviscid flow

oo ol (2 1
Strpﬁ+pu-Vu=Vp+R—eV-,u Vu + Vu —§H(V-u) ) pey
m Compare orders of magnitude for a given problem
kg m Re = 106 > 1
~ 10—5_, - - e <
Consider a small glider: L =z1m in air: Ko " ms’ 9 1052 —>
U = 10m/s oo~ 1= Fr2 = 10 » 1
m3

inviscid ﬂ Re —» «

! Too many unknowns: p, u, p Euler equations

p -
conservation of mass: Stra—g + V- (pu) =0

© and p related through the speed of sound

€= <0_p> conservation of momentum: St aﬁ+ (~ ’v”)“’ — 1v~
ap . - Stroz u-V)u= —,5 p
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m Isentropic flow

© and p related through the speed of sound

0p -
conservation of mass: Str—'? + V- (pu)=0

Jdt op

: ou ,_ . _ 1_ dp
conservation of momentum: Str— + (& - V)i = —=Vp s
dt p
For isentropic flow (s = const.):
Pe —

Ds dp\ dp
pT o = LI + V- hVT) <6p)s_dp_c
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m Potential flow

Consider a steady state: Str —» 0

conservationofmass: pV-u+u-Vp=0 |+p

. c*
conservation of momentum: (u-VYu=-——Vp

V-u—cizu-[(u-V)u]=O

In 2D after rearrangement:

du dv du Jv
2 _ 2 2 _ .2 _
(c us ) x+(c v )6y uv(ay 6x>

o (0NN (o (20\ 0% _ 093 ) _
ox dx? dy dy? dx dy 0xd0y
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If the flow is irrotational:

For isentropic flow (s = const.):

<a_p> — d_p — Cz — vp = szp
dp . dp

assumption

Vxu=0 to be checked
define a velocity potential
oL d¢
u=—, VvV=——,
0x dy




B Is the flow irrotational?

u 2
: du 1 (u-V)u=Vu —UX W
conservation of momentum: Yl (u-Vu=—--Vp 2
p
VX (Vf) =0
Find a transport equation for vorticity @ =V X u
ou lul? 1 VX(uxw)= ul—w — wV-u
V X| E+V<T>—uxw=—;Vp —(u-Vo+ (w-V)u
ow 1 _ _
E-I_ (u-V)w=(w-V)u—wV-u+?Vp><Vp V- (Vxu)=V-w=0
0
Dw (- ) —_— c? e barotropic flow
pt @M eVt P Vp = c?Vp
fo=Vxu=0 — —2_g
w=vxu= - Dt If the incoming flow is irrotational, it remains irrotational

(provided Re — « and s = const.).
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m Speed of sound

Steady compressible potential flow
(continuity + momentum egs.):

(¢ = §D)Px + (c? — DF)Pyy —

! 2 unknowns: ¢, c = find eq. for ¢

Thermodynamic relationships

dp
c? = <%)S = kRT = (k — D¢, T
h=cpT
he &
k-1
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2¢x¢y¢xy =0

)

Total energy equation

Str — 0 Cosgf W
D lu|? Dpy
) e
Pe —» o

Re —» o

h + T = const. along streamlines
c? N |u|? X c2 N U?
= const =
Kk—1 2 k—1 2
K
c? =c2 (U? ¢5)
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